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Abstract 

We study some general aspects of triangular dynamical r-matrices using Poisson geometry. 
We show that a triangular dynamical r-matrix r : t)* — > A 2 g always gives rise to a regular 
Poisson manifold. Using the Fedosov method, we prove that non-degenerate triangular dy- 
namical r-matrices (i.e., those such that the corresponding Poisson manifolds are symplectic) 
are quantizable, and that the quantization is classified by the relative Lie algebra cohomology 

1 Introduction 

In the last two decades, the theory of quantum groups has undergone tremendous development. 
The classical counterparts of quantum groups are Lie bialgebras [12]. Many interesting quantum 



groups were found and studied by various authors, but the proof of existence of quantization for 
arbitrary Lie bialgebras was obtained only recently by Etingof and Kazhdan [15]. For triangular 



Lie bialgebras, however, an elementary proof of quantization was given by Drinfeld in 1983 [13] 
Drinfeld's idea can be outlined as follows. A triangular r-matrix on a Lie algebra q defines a left 
invariant Poisson structure on its corresponding Lie group G. By restricting to a Lie subalgebra if 
necessary, one may in fact assume that this is symplectic. One may then quantize the r-matrix by 



finding a G-invariant *-product on G, of which there may be several. In [13], Drinfeld identified 
the symplectic manifold with a coadjoint orbit of a central extension of g, and then applied Berezin 
quantization ||. 

Recently, there has been growing interest in the so-called quantum dynamical Yang-Baxter 
equation (see Equation (|l3D). This equation arises naturally from various contexts in mathematical 
physics. It first appeared in the work of Gervais-Neveu in their study of quantum Liouville theory 
j24j. Recently it reappeared in Felder's work on the quantum Knizhnik-Zamolodchikov-Bernard 
equation. It also has been found to be connected with the quantum Caloger-Moser systems ||. Just 
like the quantum Yang-Baxter equation is connected with quantum groups, the quantum dynamical 
Yang-Baxter equation is known to be connected with elliptic quantum groups |^2| |, as well as with 



Hopf algebroids or quantum groupoids |L7L [Lq, 39, HT 



*Research partially supported by NSF grants DMS97-04391 and DMS00- 72171. 



1 



The classical counterpart of the quantum dynamical Yang-Baxter equation was first considered 



by Felder [22|, and then studied by Etingof and Varchenko [16]. This is the so-called classical 
dynamical Yang-Baxter equation, and a solution to such an equation (plus some other reasonable 
conditions) is called a classical dynamical r-matrix. More precisely, given a Lie algebra q over 
K (or over C) with an Abelian Lie subalgebra f), a classical dynamical r-matrix is a smooth (or 
meromorphic) function r(A) : f)* — ► 0(S>g satisfying the following conditions: 

(i) . (zero weight condition) [h<gil + l®h,r(X)) =0, V/i G f); 

(ii) . (normal condition) r 12 + r 21 = S7, where Q, 6 (5" 2 0) B is a Casimir element; 
(hi), (classical dynamical Yang-Baxter equation) 

Alt(dr) + [r 12 ,r 13 ] + [r 12 ,r 23 ] + [r 13 ,r 23 ] = 0, (1) 

where Altefr = E^f? - h®f£ + h®&). 

A fundamental question is whether any classical dynamical r-matrix is quantizable. There have 
appeared many results in this direction. For the standard classical dynamical r-matrix for 5(2 (C), 
a quantization was obtained by Babelon in 1991. For general simple Lie algebras, quantizations 



were recently found independently by Arnaudon et al. ||] and Jimbo et al. [25] based on the 



approach of Fronsdal p3fl . Similar results were also found by Etingof and Varchenko [18| using 
intertwining operators. Recently, using a method similar to [l], |2^, 25 1, Etingof et al. [JO]] obtained 
a quantization of all the classical dynamical r-matrices of semi-simple Lie algebras in Schiffmann's 
classification list |55]]. However, the general quantization problem still remains open; a recipe has 
yet to be found. Moreover, the problem of classification of quantizations has not yet been touched. 

In this paper, we study the quantization problem for general classical triangular dynamical 
r-matrices. Classical triangular dynamical r-matrices are those satisfying the skew-symmetric con- 
dition r 12 (A) + r 21 (A) = 0. In this case, Equation (|l]) is equivalent to J2i hi A J— + 1 [r, r] = 0. These 

r-matrices are in one-one correspondence with regular Poisson structures 7r = Yli hi A + r(X) on 
the manifold fj* x G, which are invariant under the left G and right inactions. Thus one may expect 
to quantize a classical dynamical r-matrix by looking for a certain special type of star-products [|| 
on the corresponding Poisson manifold. This is exactly the route we take in the present paper. In 



some sense, this is also a natural generalization of the quantization method used by Drinfeld in [13] 
as outlined at the beginning of the introduction. In fact, in the present paper, we mainly deal with 
non-degenerate triangular classical dynamical r-matrices (i.e., the corresponding Poisson manifolds 
are in fact symplectic). Berezin quantization no longer works in this situation. However, one may 
use the Fedosov method to obtain the desired star-products as we will see later. It is well-known 
that star products on a symplectic manifold are classified by the second cohomology group of the 
manifold with coefficients in formal ft-power series. In light of this result, we are able to classify 
the quantizations of a non-degenerate triangular classical dynamical r-matrix and prove that the 
quantizations are parameterized by the relative Lie algebra cohomology H 2 (g, f))[fr|. 

For a general triangular classical dynamical r-matrix, it is natural to ask whether it is possible 
to reduce it to a non-degenerate one by restricting to a Lie subalgebra. This is always true in the 



non-dynamical case [ 13 1 . Unfortunately, in general this fails in the dynamical case, and we will 



study the conditions under which this is possible. In this case, these r-matrices are called splittable. 
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Splittable triangular classical dynamical r-matrices resemble in many ways non-degenerate ones. 
And in particular, they can be quantized by the Fedosov method. 

The outline of this paper is as follows. After Section 1 (this introduction), in Section 2, we 
study general properties of triangular classical dynamical r-matrices. It is proved that triangular 
classical dynamical r-matrices correspond to some special Poisson structures on fj* x G, which are 
always regular. This may seem surprising at first glance since the rank of r(A) may depend on 
the point A. The main tool in Section 2 is the method of Lie groupoids and Lie algebroids. In 



particular, we show how gauge transformations, first introduced by Etingof and Varchenko [16], 
enter naturally from the viewpoint of Lie algebroids. The study of the tangent space of the moduli 
space of dynamical r-matrices naturally leads to the notion of dynamical r-matrix cohomology, 
which is shown to be isomorphic to the relative Lie algebra cohomology when r is non-degenerate. 
Section 3 is devoted to the proof of the equivalence between quantizations of triangular classical 
dynamical r-matrices and the so called compatible star products on their corresponding Poisson 
manifolds f)* x G. In Section 4, we study symplectic connections on such symplectic manifolds 
(M = [)*xG). In particular, we show that there always exists a G x fZ-invariant (i.e. left G-invariant 
and right i?-invariant) torsion-free symplectic connection on M such that the left invariant vector 
fields h , V/i € f) are all parallel. The main result of Section 5 is that the Fedosov quantization 
obtained via such a symplectic connection and some suitable choice of Weyl curvatures gives rise 
to compatible *-products on M = f)* x G. Therefore, as a consequence, we prove the existence 
of a quantization of non-degenerate triangular classical dynamical r-matrices. The presentation in 
Section 5, however, is made in a more general setting, which is of its own interest. Section 6 is 
devoted to the classification of quantizations. In particular, we show that the equivalence classes of 
quantizations of a non-degenerate triangular dynamical r-matrix r : fj* — > A 2 g are parameterized 
by the relative Lie algebra cohomology with coefficients in the formal h-powev series H 2 (g, t))[ft]. 
Some speculation on the classification of quantizations of a general triangular classical dynamical r- 
matrix is given as a conjecture, which is consistent with Kontesvich's formality theorem |2(|. In the 
appendix we recall some basic ingredients of the Fedosov quantization, which are used throughout 
the paper. 

Finally, some remarks are in order. Quantization of dynamical r-matrices is related to quanti- 
zation of Lie bialgebroids as shown in pi]] . However, for simplicity, we will avoid using quantum 
groupoids in the present paper even though many ideas are rooted from there. Also in this paper, 
we work in the smooth case. Namely, Lie algebras are finite dimensional Lie algebras over R, all 
manifolds and maps are smooth, but our approach works for the complex category as well. For 
simplicity, we assume that a dynamical r-matrix is always defined on t)*. In reality, it may only be 
defined on an open submanifold U C f)*, but our results hold in this situation as well. 

Acknowledgments. The author would like to thank Martin Bordemann, Pavel Etingof and 
Boris Tysgan for useful discussions. Especially, he is grateful to Pavel Etingof for his suggestion of 
writing up this work. In addition to the funding sources mentioned in the first footnote, he would 
also like to thank the Max-Planck Institut for the hospitality and financial support while part of 
this project was being done. 
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2 Triangular dynamical r-matrices 



In this section, we study some general aspects of triangular dynamical r-matrices. As a useful tool, 
we shall utilize the method of Lie algebroids and Lie groupoids. Let q be a Lie algebra and f) C q 
an Abelian Lie subalgebra of dimension I. By a triangular dynamical r-matrix, we mean a smooth 
function r : f)* — > A 2 g satisfying: 

(i) . the zero weight condition: [h, r(A)] =0, VA G f)*, h € f), and 

(ii) . the classical dynamical Yang-Baxter equation (CDYBE): 

i 



where the bracket [•, •] refers to the Schouten type bracket: A fc g<8> A'g — ► A + fl induced from the 
Lie algebra bracket on g. Here {hi, • • • , /i;} is a basis in fj, and (A 1 , • • • , A') its induced coordinate 
system on f)*. It is known Q |30| ] that the CDYBE is closely related to Lie bialgebroids. Recall that 
a Lie bialgebroid is a pair of Lie algebroids (A, A*) satisfying the following compatibility condition 
(see f3|,||[27|): 

d*[X,Y] = [d*X,Y] + [X,d*Y], VY, Y e T(A), (3) 
where the differential d* on r(A*vl) comes from the Lie algebroid structure on A*. 

Given a Lie algebroid A over P with anchor a, and a section A of T(A 2 A) satisfying the condition 
[A, A] = 0, one may define a Lie algebroid structure on A* by simply requiring the differential 
d* : r(A fe ^) — * r(A fc+1 yl) to be d* = [A,-]. More explicitly, denote by A# the bundle map 
A* — * A defined by A # (£)(r/) = A(f, jy), V£, r? G r(A*). Then the bracket on r(A*) is defined by 

[£, 77] = - L A#v ti - d[A(£, ??)], (4) 

and the anchor a* is the composition a o A* : A* — > TP. It is easy to show that (A, A*) is indeed 
a Lie bialgebroid, which is called a triangular Lie bialgebroid |3g ]. 

Now consider A = Tf)* x g and equip A with the standard product Lie algebroid structure. 
Then the anchor a : Tt)* x q — > Tf)* is simply the projection. The relation between triangular 
dynamical r-matrices and triangular Lie bialgebroids are described by the following M, 30]: 



Proposition 2.1 Given a smooth function r : (j* — ► A 2 g, r is a triangular dynamical r-matrix 
iff the Lie algebroid (A, a) together with A = JA hi A gfr + r (A) € r(A 2 A) defines a triangular Lie 
bialgebroid. 



Proof. By a straightforward computation, we have [A, A] = 2(J2i hi A Jp- + |[r, r] +X)j[ r ) ^i] A 

It thus follows that [A, A] = iff £A hi A J^- + | [r, r] =0 and [r, ^] = (i = 1, • • • Z), i.e., r is a 

triangular dynamical r-matrix. 



□ 
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Let G be a Lie group with Lie algebra g and H C G an Abelian Lie subgroup with Lie algebra 
f). Consider M = \)* x G. Let G act on M from the left by left multiplication on G, and H act from 
the right by right multiplication on G. An equivalent version of Proposition 2.1 is the following 



Proposition 2.2 For a sm ooth function r : t)* — ► A 2 g, r is a triangular dynamical r-matrix 
iff 7r = ^ /ij A t^- + r(A) defines a G x H -invariant Poisson structure on M = fj* x G, where 

hi G X(M) is i/ie Ze/Z invariant vector field on M generated by hi and similarly r(A) £ T(A 2 TM) 
is Z/ie Ze/f invariant bivector field on M corresponding to r(A). 

Theorem 2.3 If r : fy* — ► A 2 g zs a triangular dynamical r-matrix, then () + r(A)*()" L is a Lie 
subalgebra of g. Moreover the Lie subalgebras f) + r(A)#f)\ VA G f)*, are aZZ isomorphic, and the 
isomorphisms are given by the adjoint action of G. 

Proof. For any A £ f)*, A\ = T A f)* © g = fj* g and = f) © g*. Under these identifications, the 
bundle map A* : A* x — ► A\ is given by 

{h,0 ^ (i*t-h + r(X)*C), V/iGf, and^Gg*, (5) 

where i : f) — > g is the inclusion. Set 5 = A*(A*) = U \ et) * Af (A* x ) C A. Since (A, A) defines a 
triangular Lie bialgebroid, B is integrable. I.e., T(B) is closed under the Lie algebroid bracket on 
r(A). Hence kera | b x is a Lie subalgebra of kera | a x - Now it is easy to see that ker a \b x = f)+r(A)*t)- L 
and kera|A A = g- It thus follows that f) + r(A)*()" L is a Lie subalgebra of g. On the other hand, from 
Equation ^j, it is easy to see that a(B\) = T\tj*. Hence a : B — ► Tf)* is surjective, which implies 
that B is in fact a transitive Lie algebroid (also called a gauge Lie algebroid pl| ). Thus it follows 
that the dimension of B\ is independent of A, and therefore B is a subbundle of A. Moreover the 
isotropic Lie algebras of B at different points of t)* are all isomorphic, and the isomorphisms are 
given by the adjoint action of G. This implies that, for any A,/i G f)*, f) + r(A)*(}" L is isomorphic to 
t) + r( / u)#f)- L by the adjoint action of a group element in G. 

□ 

For the sake of simplicity, we denote by q\ the Lie subalgebra t) + r(A)*f) _L . Define the rank 
of a triangular dynamical r-matrix r to be dimg^ — dimf), which is denoted as rankr. We say a 
triangular dynamical r-matrix r is non- degenerate if rankr = dimg — dimt). 

An immediate consequence of Theorem |2.3| is 

Corollary 2.4 Under the same hypothesis as in Theorem \2.3j , rankr is independent of the point 
A and therefore is a well-defined even number. Moreover B = A#A* C A is a Lie subalgebroid of 
rank 1dimk)+rankr , and (M,ir) is a regular Poisson manifold of rank 1dimk)+rankr . 

In particular, we have the following 

Corollary 2.5 Given a triangular dynamical r-matrix r : fj* — ► A 2 g, the following statements are 
all equivalent: 
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(i) . r is non-degenerate; 

(ii) . the bundle map A# : A* — ► A is nondegenerate; 

(iii) . &x = 0, VA G f)*/ 

(iv) . (M, 7r) is a symplectic manifold. 

If we choose a decomposition g = f) m, where m is a subspace of g, and choose a basis 
{hi, ■ ■ ■ ,hi} for f) and a basis {ei, • • • , e m } for m, we may write 

r (A) = a ij {\)hi A + ^ b ij (X)hi f\ej+Y, ^ i (X)e i A e,- . (6) 

It is simple to see that 0a = f) © Spanj^- c 4 - 7 (A)ej |z = 1, • • • , m}, and rankr is the rank of the matrix 
(c lJ (A)). Therefore, we immediately know that the rank of (c i:, (A)) is independent of A. Clearly r 
is non-degenerate iff the matrix (c* J (A)) is non-degenerate. 

A natural question arises as to whether it is possible to make an arbitrary triangular dynamical 
r-matrix non-degenerate by considering it to be valued in a Lie subalgebra of g. This is true in the 
non-dynamical case |l3|], for example. However, in the dynamical case, this is not always possible 
as we will see below. Nevertheless we will single out those r-matrices possessing this property, 
which will be called splittable. Splittable triangular dynamical r-matrices contain a large class of 
interesting dynamical r-matrices, which in fact include almost all examples we know, e.g., those as 
classified in |l(| when q is a simple Lie algebra. More precisely, 

Definition 2.6 A triangular dynamical r-matrix r : t)* — > A 2 g is said to be splittable if for any 
A G f)*, i*(r(A)# _1 t)) = \)*, where i : f) — ► g is the inclusion. 

Proposition 2.7 Suppose that r is a triangular dynamical r-matrix. Then the following statements 
are equivalent: 

(i) . r is splittable; 

(ii) . for any A G f)*, r(A) # * C A ; 

(iii) . if r(A) is given as in Equation ^) under a decomposition q = t) © m, then for any i, 

J2j b ij {X)ej G Span{J2j c ij {\)eAi = !,-■■, m}; 

(iv) . for any fixed A G t)*, there exists a decomposition g = t) © m, under which 

r(A) = A hj + ]T c ij (X) ei A ey, (7) 

(v) . Tf)* x {0} C B. 

Let us first prove the following simple lemma from linear algebra. 
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Lemma 2.8 Let V = f) © m be a decomposition of vector spaces, and let {hi, - ■ ■ ,hi} be a basis of 
t), and {ei, • • • , e m } a basis of m. Let r G A 2 V be any element such that 

r = ^ a ^hi A hj +^2 hi A x % + c lj ei A ej , 

where x l G m ; and ajj, Cjj are skew- symmetric, i.e., = —ajj and Cjj = — Cjj. 7/ 1 C {1, • • • , 1} 
is a subset of indexes such that for any iq G L, x %0 G Span{J2j c^ej\i = 1, • • • , m}. Then one can 
change the decomposition V = E) ffi m so that under a suitable basis {e~i, • ■ ■ ,e~ m } of m, r can be 
written as 

r = E A hj hi A x l c%3 A g i ■ 

Proof. Vio G L, by assumption, there are constants 7* , i = 1, ■ • • , m, such that x l ° = 2 E«j li^^y 
Let e; = ei + Ei e/ iTK) > Vi = 1, ■ • • , m. Then 

E c ^i A gj 
= E + £ %° fcb ) A (e, + E fcio ) 

= ° ij e i A e i + 2 E ^0 A e i ( mod A 2 f) ) 
= ^ c ij ej A + ^ /i io A x io (modA 2 f)). 

Hence r = E A e"j + Eigj hi A (mod A 2 Ej). This concludes the proof. 

□ 

Proof of Proposition |2.7| 

(i) =^(ii) Let us fix a basis {hi, ■ ■ ■ ,h{\ of Ej, and let {/i*, • • • , /i*} be its dual basis in [)*. By 
assumption, for any 1 < j < I, there is a G g* such that = hi and r(A)#£ J € t). Given 
any £ € g*, take aj =< £, /ij > and 77 = £ — E a j£A Then it is easy to see that rj G f)- 1 . Hence 
r(A) # e = E a jr (\)*& + r(A)#n G () + r(A)*V = g A . 

(ii) =^(iii) Let {/ii, • • • , /i;} be a basis of f), {ei, • • • , e m } a basis of m, and {hi, ■ ■ ■ ,h\,e\, - ■ ■ , e™} 
the dual basis of {hi, ■ ■ ■ , hi, ei, ■ • • , e m } in 9*. It is trivial to see that r(A)*e* = — Ej V l {X)hj + 
2Ej c y (A)ej. Hence we have 

flA = f) © Spanjy^ c tJ ' (A)e 7 - |i = 1, • • • , m}. 

i 

Now r{X)*h\ = J2j2a ij {\)hj + J2j b ij (A)ej . Since r{X)*h\ G q\ by assumption, it follows that 
Ej b i i{X)e j G Span{Ej c^'(A)ej |i = 1, • • • , m}. 

(iii) =>(vi) This follows from Lemma |2.8| . 

(vi)=Kv) If r(A) = J2a ij (X)hi A hj + Ec ii (A)e i A e j; then r(X)*hl = 2 Ej a ij {X)hj. Thus 
according to Equation ©, Af (2 Ej a ij (X)hj, hi) = {h{, 0). Hence, (74, 0) G B\. This implies that 
T A F,* x {0} C B x . 
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(v)=>(i) Given any ip G t)*, we know that 0) G -£>a by assumption. Therefore there exist h G f) 
and £ G g* such that A^(/i, £) = (p, 0), i.e., — h + r(A) # ^) = (99, 0) according to Equation @. 
This implies that ip = i*£ and r(A)*£ = h. Hence <p G i*(r(A)*~ 1 t)). Therefore, we conclude that 
t)* C i*(r(A) #_1 t)). 

□ 

Remark In the proof above, the decomposition g = \) m and the choice of the basis {e\, ■ ■ ■ , e m } 
in (iv) depend on a particular point A. It is not clear whether it is possible to find a decomposition 
so that Equation (0) holds uniformly for all points in [)*. On the other hand, if there exists such a 
decomposition g = l)$mso that a triangular dynamical r-matrix is of the form as in Equation (Q), 
it is always splittable. 



An immediate consequence of Proposition 2/7 is the following: 
Corollary 2.9 If r : Ej* — > A 2 g is a splittable triangular dynamical r -matrix, then 

(i) . gA is independent of X, i.e., q\ = g^, VA,/i G t)* . We will denote q\ by g±. 

(ii) . r can be considered as a non- degenerate triangular dynamical r -matrix valued in A 2 gi. 



Proof. By Proposition gj, T\j* x {0} is a Lie subalgebroid of B. Hence for any X G £(f)*), (X, 0) G 
T(B). Let </?f be the (local) flow on t)* generated by X. The bisection ex.pt(X, 0) on the groupoid 
r = f)'xl)*xG generated by the section (X, 0) G is {(A, <pt(\), 1) | A G f)*}. Hence its induced 
isomorphism between Ta and T^a) is the identity map, when both of them are naturally identified 
with G. Here Ta and T^a) denote the isotropic groups of V at the points A and ty?t(A), respectively. 
Therefore, Ad exp t(x,o) i s an identity map between their corresponding isotropic Lie algebras. On 
the other hand, since (X,0) G T(-B), hence Ad expt (x,o)i when being restricted to B, is exactly the 
map which establishes the isomorphism between gA and g^A)- Hence, gA and g^A) are equal as 
Lie subalgebras of g. 

For the second part, since r is splittable, we have r(A)*g* C gi according to Proposition 2.7. 



Hence VA G f)*, r(A) G A 2 (r(A)#g*) C A 2 gi. By dimension counting, one easily sees that r is 
non-degenerate when being considered as a dynamical r-matrix valued in A 2 gi. 



□ 

Let g : fj* — > G H be a smooth map, where G H denotes the centralizer of H in G with its Lie 
algebra being denoted by g H . Then g can be naturally considered as a bisection of the groupoid 
r = \)* x [)* x G, and hence we can talk about the induced automorphism Ad g of the corresponding 
Lie algebroid. In particular, we have a Gerstenhaber algebra automorphism Ad g on (BT(A*A) fjofl . 

Given a smooth function r : ()* — > A 2 g, let A r = J2i hi A -Mr +r(X) G T(A 2 A) as in Proposition 



2JJ. Then 



Adg Ar = Ad g Q^hiA-^ + r) 
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^MghiA^-^g 1 )+Ad g r 

i 

V hi A f-^-r - ^-g' 1 ) + Ai r 

i 

E ^ A ^ + (^v - E ^ A ll^ 1 ; 



Here in the second from the last equality, we used Ad g hi = faj since g G G . Let 

^ = ^V-E^ A ^5 -1 - (8) 



Combining with Proposition 2.1, we thus have proved the following: 
Proposition 2.10 Assume that g : fj* — > is a smooth map. Then 

(i) . A rg = Ad g k r ; 

(ii) . r is a triangular dynamical r -matrix iff ' r g is a triangular dynamical r -matrix. 

(iii) . rankr g =ranhr ; in particular, if r is non- degenerate, so is r g . 

This proposition naturally leads us to the notion of gauge transformations on dynamical r- 
matrices, which was first introduced by Etingof and Varchenko [16]. Recall that triangular dy- 
namical r-matrices r\ and r<i are said to be gauge equivalent if there exists a smooth function 
g : f)* — > G H such that r 2 = {r\) g . 

Remark Although non-degenerate triangular dynamical r-matrices are preserved by gauge trans- 
formations, splittable dynamical r-matrices in general are not. For example, the trivial triangular 
dynamical r-matrix r = is always splittable. However r g = —Y^hi A Jp-fi^ 1 is never splittable 
unless G H = H. 



By M(q, f)), we denote the quotient space of the space of all triangular dynamical r-matrices 
r : \j* — ► A 2 g by gauge transformations, which is called the moduli space of triangular dynamical 
r-matrices. 

Next we will introduce the dynamical r-matrix cohomology H*(g, f)), whose second cohomology 
group describes the tangent space of the moduli space A4(g, F)). As we will see in Section 6, the 
second cohomology group H^{q,\)) is connected with the classification of quantizations of r when 
it is non-degenerate. 

Consider C k = C°°(J)*, (A k &) H ) (or equivalently denoted as C°°(f)*, (A*jj) 6 )). and define a dif- 
ferential 5 r : C k — ► C k+1 by 

6 rT = J2h i A^ + [r,r], \/r£C k . (9) 
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Proposition 2.11 S r : C k — ► C k+1 is well-defined and 5% = 0. 

Proof. It is clear that 5 r T is in C°°(f)*, (A k+1 g) H ) provided that r G C°° (t)* , (A k g) H ) . For any 
r € C fe = C°°(t)*, (A fc g) H ), r can be naturally considered as a section of A k A, and 

[A,r] 

= E^A^j + r, r] 

i 

i 

= <5 r T. 

Since [A, A] = 0, it thus follows that 8% = 0. 

□ 

Hence the cochain complex 5 r : C k — ► C k+1 defines a cohomology, called the dynamical r- 
matrix cohomology, and denoted by H*(q, t)). Two remarks are in order. 

Remark (1). The cochain complex S r : C k — > C k+1 is in fact a subcomplex of the Lie al- 
gebroid cohomology cochain complex d* : T(A k A) — > T(A k+1 A), d*X = [A, X]. Therefore it is 
easy to see that such a cochain complex is always defined for an arbitrary dynamical r-matrix, 
which is not necessary triangular. 

(2). When r is triangular, H*(g, f)) can be naturally identified with a "special" G x if-invariant 
Poisson cohomology of the Poisson manifold (M, 7r), i.e., the cohomology obtained by restricting 
the Poisson cochain complex to G x i^-invariant multi-vector fields tangent to the fibers of the 
fibration: f)* x G — ► I)*. 

Proposition 2.12 If g : fj* — ► G H is a smooth map, then 

(i) . 5 rg oAd g = Ad g o5 r ; 

(ii) . Ad g : (C*,S r ) — ► (C*,S rg ) induces an isomorphism H*(g,l}) = H* g (Q,t)). 

Proof. For any r G C°°(t)*, (A k g) H ), 

(Ad g c5 r )T = Ad g [A,r] 

= [Ad g A, Ad g r] 
= [K g ,Ad g T] 

= (5 rg oAdg)T. 

The conclusion thus follows immediately. 

□ 



10 



As a consequence, we conclude that H*(g, fj) only depends on the gauge equivalence class of the 
dynamical r-matrix. For this reason, we also denote this group by H^(q, f}). 

Proposition 2.13 For any triangular dynamical r-matrix r : f)* — > A 2 g ; T^A4(g, I)) = H^(g, [)). 

Proof. In Equation (j2|), replace r by r + tr and take the derivative at t = 0, one obtains the 
linearization equation: J2i hi A J^r + [ r i T \ = 0j i- e -> ^r T = 0. It is clear that r is of zero weight since 
r + tr is of zero weight. 

To compute the tangent space to the gauge orbit at r, one needs to compute gj|t=o( r expi/)> for 
/ E C°°(t)*,g H ). Now r cxpt f = Ad expt fr - Y,i hi A (exp tf)~ x . It is thus simple to see that 

■§t\t=o(i~ eX ptf) = [f, r ] — J2ihi A J^j = —S r f. The conclusion thus follows immediately. 

□ 

Given a Lie algebra g, one may also consider classical triangular dynamical r-matrices r h : 

()* — ► (A 2 g)[?i] valued in g[7j] such that r h (X) = r(A) + 7iri(A) H . The gauge transformation can 

be defined formally in an obvious way. Thus one can form the moduli space A^(fl[^J, f)). Assume 
that r : f)* — > A 2 g is a triangular classical dynamical r-matrix. From Proposition |2.13| , it follows 
that Tj r ] A^(fl[fi], f)) = i??i(f|, By a formal neighbourhood of r in A4(g[ft], f)), denoted by 

A^gfTi]], f)), we mean the subset in .M (g [ft] , f)) consisting of the classes of those elements r + O(h). 
Then H^(q, i)){hj can be considered as a linearization of A4 r (gJ?i], f)). In general, these two spaces 
are different. However, when r is non-degenerate, they expect to be isomorphic, which should follow 
from Moser lemma. 

In fact, as we will see in the next theorem, when r is non-degenerate, H?Aq, f)) is isomorphic to 
the relative Lie algebra cohomology. 

Theorem 2.14 7/ r : f)* — > A 2 g is a non- degenerate dynamical r-matrix, then H* r ^(g,i\) is iso- 
morphic to H*(g,i)), the relative Lie algebra cohomology of the pair (g,f)). 

Proof. Since r is non-degenerate, (M, tt) is a symplectic manifold. As it is well known, 7r# : 
0*(M) — > X*(M) induces an isomorphism between the de Rham cohomology cochain complex 
and the Poisson cohomology cochain complex. Now a /c-mutivector field P G 3Z k (M) is in C k 
iff (i) P is left G-invariant and right ff- invariant; and (ii) dX 1 _l P = 0, Mi = 1, This, 
however, is equivalent to that (i) (7r&)~ 1 P is both left G-invariant and right iif -invariant; and (ii) 
hi _l (7r#) _1 P = 0, because 7r#(d\ l ) = hi, Vi = 1, • • • , I, and 7r is G x if-invariant. Note that a 
&-form u G Q k (M) is /^-invariant and satisfies h{ _lw = 0, Vi = 1, ■ ■ ■ ,1, iff u; is the pull back of 
a fe-form on the quotient space M/H, i.e, u = p*ui' , where p : M — > M/H is the projection and 
u>' € tl k (M/H). Moreover, uj is left G-invariant iff u/ is left G-invariant since the left G-action on 
M commutes with the right /^-action. In summary, we have proved that the space (7r*) _1 (G fc ) can 
be naturally identified with the space of left G-invariant /c-forms on M/H = ()* x G/H. Under such 
an identification, the differential 5 r goes to the de-Rham differential. Hence HK(g, f)) is isomorphic 

to the invariant de-Rham cohomology H k (l)* x G/H) G . Since G does not act on the first factor 
f)*, the latter is isomorphic to H k {G/H) G , which is in turn isomorphic to the relative Lie algebra 
cohomology H k (g, fj) [fTof] . 
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□ 



3 Quantization and star products 

In this section, we investigate the relation between quantizations of a triangular dynamical r- 
matrix and star products on its associated Poisson manifold (M, it). The main theme is to show 
that quantizing r is equivalent to finding a certain special type of star products on M. Let us first 
introduce the precise definition of a quantization. 

Definition 3.1 Let r : fj* — ► f\ 2 g be a triangular dynamical r-matrix. A quantization of r is an 
element F(X) = 1 + ftiq(A) + 0{h 2 ) € C°°(f)*, Ug (g> Ua)[h] satisfying 

(i) . the zero weight condition: [l®h + h®l, F(X)] = 0, V/i £ t); 

(ii) . the shifted cocycle condition: 

(A<g>id)F(A)F 12 (A - ^ftft (3) ) = (id<g>A)F(A)F 23 (A + (10) 

(iii) . the normal condition: 

{e®id)F(X) = 1; (id®e)F(\) = 1; and (11) 

(iv) . the quantization condition: F/ 2 (A) — F 21 (A) = r(A), 

where A : Uq — ► Uq®Uq is the standard comultiplication, e : Ug — > C is the counit map, and 
F 12 (X - \hh^>), F 23 (A + \hh^) are U g®U g®U g-valued functions on fj* defined by 

„, 1 rt v , N ft v-^ (9F 1 , ft N o\-^ <9 2 -F 

+ -'' + l ( -|»'S8A&r^---' ! '" + '- <12> 

and similarly for F 23 (X + iftft/ 1 )). 

The relation between this definition of quantizations and the well known quantum dynamical 
Yang-Baxter equation (QDYBE) is explained by the following proposition, which can be proved by 
a straightforward verification. 

Proposition 3.2 If F(X) is a quantization of a triangular dynamical r-matrix r(A) : f)* — ► A 2 g, 
then R(X) = F 21 (A) -1 F 12 (A) can be written as R(X) = 1 + ftr(A) + 0(ft 2 ) and satisfies the quantum 
dynamical Yang-Baxter equation (QDYBE): 

R 12 (X - ±hh^)R 13 (X + \hh^)R 2 \X - \h^) = R 23 (X + \h^)R l \X - hh^)R l2 (X + ±hh&). 

2 2 
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Remark This is a symmetrized version of QDYBE, which is known []19| to be equivalent to the 
non-symmetrized QDYBE: 

R 12 {\ + hh^)R 13 (\)R 23 (\ + hh^) = R 23 (X)R 13 (X + hh^)R 12 {X). 

The reason for us to choose the symmetrized QDYBE in this paper is because it is related to the 
Weyl quantization, while the non-symmetrized QDYBE is related to the normal ordering quanti- 
zation, as indicated in [41]. Since we will use Fedosov method later on, the Weyl quantization is 
obviously of some advantage. 



To proceed, we need some preparation on notations. Let A = V^UQlhJ, where V is the algebra 
of smooth differential operators on Then T>®Uq can be naturally identified with the algebra 
of left G-invariant differential operators on M. Hence A becomes a Hopf algebroid [[|l| with base 
algebra R = C°°(f)*)[S]. The comultiplication 

A : A — > A® R A = V® Coo{r) V®UQ®UQ\h\ 

is a natural extension of the comultiplications on T> and on Uq: 

A(D<g>u) = AD®Au, \/D G V, and u G Uq, 

where AD is the bidifferential operator on f)* given by (AD)(f,g) = D{fg), V/, g G G°°(f)*) and 
Au G Uq®Uq is the usual comultiplication on Uq. Let us fix a basis in \], say {h\, ■ ■ ■ , hi}, and let 
{£i> ' ' ' j £/} be its dual basis, which in turn defines a coordinate system (A 1 , • • • , A') on ()*. 

Set 

1 1 d d 

6 = - yX^-^r ~ G A® A, and & = exphO G A® A. (14) 

2 . , oX oX 

i=i 

Note that 0, and hence O, is independent of the choice of a basis in f). 

For each D G T>®Uq, we denote by D its corresponding left G-invariant differential operator 

on M = t)* x G. We also use a similar notation to denote multi-differential operators on M as 

well. Now let r(A) : fj* — ► A 2 g be a triangular dynamical r-matrix, and M = fj* x G its associated 

— ^ ft 1 

(regular) Poisson manifold with Poisson tensor tt = J2i hi A ^ + r(A). It is simple to see that the 
Poisson brackets on G°°(M) can be described as follows: 

(i) . for any /,g G C°° ({,*), {f,g} = 0; 

(ii) . for any / G C°°(fj*) and 5 G G°°(G), {/,<?} = - E, 

(iii) . for any f, 9 eC°°(G), {f,g} = ^(f,g). 

This Poisson bracket relation naturally motivates the following theorem, which is indeed the main 
theorem of this section. 

Theorem 3.3 Let (M,7r) be the Poisson manifold associated to a triangular dynamical r-matrix 
as in Proposition \2. 1 . Assume that * h is a G x H -invariant star product on (M, it) satisfying the 
properties: 
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(i) . for any f,g G C°°(f)*), 

/(A) % 5 (A) = /(A) 5 (A); 

(ii) . /or any /(A) G C°°(l)*) and g[x) G C°°(G), 

f(\)* h g(x) = 9 (/, g) = E(~ 2 ) fcj gA ix . ■ 9X ^ K ' ' ' h ^ 

k=0 
fc=0 

(iii) . £/iere is a smooth map F : tj* — > ?7fl®?7f|[^] suc/i £/iaf /or any /(#), g(x) G C°°(G), 



f* h 9 = F(\)(f,g). (15) 

T/ien -F(A) is a quantization of the dynamical r-matrix r(A). Conversely, any quantization of r(A) 
corresponds to a G x H -invariant star product on M satisfying the properties (i)-(iii). 

A Gx ff-invariant star product on M with properties (i)-(iii) is called a compatible star product. 
In other words, Theorem can be stated that a quantization of r(A) is equivalent to a compatible 
star-product on M. 

To prove Theorem [T^, we need several lemmas. 

Lemma 3.4 satisfies the equation: 

[(A®id)9]6 12 = [(id®A)9]e 23 in A®A®A. (16) 



Proof. Note that both sides of Equation ( |lq ) normally are elements in A®rA®rA. In our situa- 
tion, however, they indeed can be considered as elements in A® A® A. 

Now 

[(A(g)id)e]e 12 

= [(A(g>id)exp7i0]expft6> 12 

= exph[(A®id)9 + 9 12 } 

1^" q c) c) $ d d 

= exp -/ijj^®].®— + lO^iO^r + hi®-^®l - — ? ®1®^ - l®-^®hi - —^hi®!). 

Here in the second equality we used the fact that (A®id)9 and 6 12 commute in A® A® A. 

A similar computation leads to the same expression for [(id® A)Q]@ 23 . This proves Equation 

□ 
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Lemma 3.5 VDi,D 2 ,D 3 G A, and V/i(A) G C°°(f)*) ; / 2 (x) G C7°°(G), and 5 (A,x) G C°°(&* x G), 
p8iWp^^(/i(A), / 2 (x), <?(A,x)) = [F 23 (A)( J D 1 ^ 2 J D 3 )](/i(A), / 2 (x), <?(A,x)). 

Proof. Write F(X) =T,a a 0(^)u a <S>up, with u a ,up G and a aj g(A) G C°°(f)*)[fi]. Then 
((A®id)F(\))(D 1 (S>D 2 ®D 3 ) = ^a af} (X)Au a {D l ®D 2 )®u p D ? ,. 

Hence 

[( A®id)F( A) ® Z> 2 ® AO j (/i (A) , / 2 (x), fl (A,x)) 
= X> Q/3 (A)Au a (A®Aij(./i(A), / 2 (x))(^ 5 )(A, x) 
= ^a a/3 (A)^[(^/ 1 )(A)(D 2 > / 2 )(x)](^ 5 )(A,x) 
= ^a a/3 (A)(Dt/ 1 )(A)((^)/ 2 )(x)(^r 7 )(A,x) 
= Di®F(A)(D 2 <8>D 3 j(/i(A), / 2 (x), a(A,x)) 
= F 23 (A)(A®A®A)(/iW, / 2 (x), 5 (A,x)). 



Corollary 3.6 V/i(A) G C°°(f)*), / 2 (x) G and g{X,x) G C°°(f)* x G), 



F(A)e(/!(A)* fi / 2 (x), 5 (A,x)) = 9(/ 1 (A), F(A)9(/ 2 (x), 5 (A,x))). 



Proof. 



F(A)0(/i(A)* ft / 2 (x), 5 (A,x)) 
F(A)e(^(/i(A), / 2 (x)), 5 (A,x)) 



(A®id)(F(A)9)9 l2 (/i(A), / 2 (x), <?(A,x)) 

( A®»rf)if(A) ( A®id)ee l5 (/i (A) , / 2 (x), ff(A,x)) (by Lemma p|) 



= (A®id)F(A)(id®A)ee^(/ 1 (A), / 2 (x), g(A,x)) (by Lemma |J) 
= F 23 (A)(^®A)ee^(/ 1 (A), / 2 (x), g(X,x)). 

Let us write 9 = Y, D a®D p . Then (id®A)G = J2 D a®&Df3, and 

F 23 (A)(id®A)99 23 (/!(A), / 2 (x), <?(A,x)) 



= ^[fl Q ®F(A)A^e](/i(A), / 2 (x), 5 (A,x)) 
= ^2(Xfi)WF(X)AD p 4(f 2 (x), <?(A,x)). 

Using the expansion 9 = Efc^o(|) fc M(Ei=i(^®M 7 ~ M7®^)) fc ' one obtains that 
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F(X)Q(f 1 (X)* h f 2 (x), g(X,x)) 

k=0 

£ ( -^ )fc M aA^^ ( ak A( ^-"^ )F(A) ^ (/2(3;) ' 5(A ' x)) 

fc=0 
k=0 



= @(fx(X), F(X)@(f 2 (x), g(X,x))). 

Here the second equality follows from the fact that F(X) is of zero weight, i.e., F(X)(Ah) 
(Ah)F(X), V/i £ f). This concludes the proof. 

□ 



Proposition 3.7 Under the same hypothesis as in Theorem 3.S, we have 
(1). for any /(A) £ C°°(f)*) and g(X,x) G C°°(&* x G), 

/(A)*^(A,x) = 8(/, g ) = E(-2)*fc| 0A <i ■■ OAH ^ - 

fc=0 

g(X,x) H f(X) = g( g j) = g(^)*-^...^ — -i— ; (18) 
/or any /(A, a) G C°°(f)* x G) and 6 C°°(G), 

f(X,x)* R g(x) = (F(X)Q)(f,g) = ^(-|)fe-F(Al( — -i_ , ^•••^< ? ), (19) 

g(x)* h f(X,x) = (F(X)Q)(g,f) = J2^) k ^nm il ---h lk g, ^/^J - (20) 

Proof. We will prove Equation (|i~7|) first. For that, it suffices to show this for g(X, x) = g\ (X)*ng 2 (x), 
Vgi(X) G C°°(f)*) and g 2 (x) G C°°(G), since, at each point, the C°°-jet space of C°°(t)* x G){hj is 
spanned by the C°°-jets of this type of functions. Now 

f(X)* h g(X,x) = f(X)* h (g 1 (X)* h g 2 (x)) 

= (fW*ngi(X))* h g 2 (x) 

= (f(X) gi (X))* h g 2 (x) 

= 3(/(A)«/i(A), 92(x)) 

= 3(3(/(A), 5l (A)), g 2 {x)) 



[(A®id)9]e l2 (/(A), 5l (A), 52 (x)) (by Lemma 0) 
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= [(i^A)9]G 23 (/(A), 5l (A), 52 (x)) 

= 3(/(A), ^(ffi(A) jg2 (x))) 

= 3(/(A), <?i(A) * ftff2 (x)) 

= 3(/(A), 5 (A,s)). 

Equation ( pj| ) can be proved similarly. 

To prove Equation (|l9|), similarly we may assume that f(X,x) = /i(A) *n / 2 (x), for /i(A) € 
C°°(f)*) and / 2 (x) € C°°(G). Then 

/(A,x)*»5(x) = (/i(A) * K f 2 (x)) * h g{x) 

= /i(A) * ft (/ 2 0*0 *n g{x)) (using Equation (|l^)) 

= 3(/i(A), / 2 (x)* ri5 (x)) 

= 3(/i(A), F(Aj(/ 2 (x), 5 (x))) 

= 3(/i(A), F(Aj^(/ 2 (x), g(x))) (by Corollary P) 

= F(A)9(/i(A) * ft / 2 (x), g(x)) 

= F(A)9(/(A,x), g(x)). 

Equation (^) can also be proved similarly. 

□ 

We are now ready to prove the main theorem of the section. 

Theorem 3.8 Under the same hypothesis as in Theorem \3.3\, F(X)Q is the formal bidifferential 
operator defining the star product * h , i.e., for any f(X,x), g(X,x) G C°°(f)* x G), 

f(X,x)* h g(X,x)=F(Xje(f, g). 

Proof. We may assume that /(A,x) = /i(A) * h f 2 (x), for /i(A) € C°°(&*) and / 2 (x) G C°°(G). 
Then 

/(A,x) * H g(X,x) 

= /i(A) % (/ 2 (x) * h g(X, x)) (by Proposition [D]) 

= 3(/i(A), F(A)9(/ 2 (x), g(X,x))) (by Corollary |J) 

= F(Xje(f 1 (X)*nf2(x), g(X,x)) 

= FjX~je(f(X,x), g(X,x)). 

This concludes the proof. 

□ 
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Finally, before proving Theorem 3.3, we need the following result, which connects the shifted 
cocycle condition with the associativity of a star-product. 



Proposition 3.9 Under the same hypothesis as in Theorem \3. 4 V/i(a;), fz^x), fs(x) € C°°(G), 



(i). (Am)F(X)F 12 (X-hh^)(f 1 (x), f 2 (x), Mx)) = (f 1 (x)* h f 2 (x))* h Mx); 



(ii). (id®A)F(\)F 23 (\ + ±hhW)(fi(x), f 2 (x), h{x)) = h{x)* h {h{x)* h h{x)). 

Proof. From Equation (|l2|), it follows that 

1 1 h f)^ 7* 1 

(A®id)F(\)F 12 (\ - -hhW) = £ -(--) fc [(A^d)F(A)]( ^ A , i ^ ®h h ■ ■ ■ h ik ). 

Hence 



(Am)F(X)F 12 (X-^hh^)(f 1 (x), f 2 (x), h{x)) 

k * 

E^(-i^[ g A t /2(x)) ' 

^ ^(-|)^[ ^.%AV ( ^ " ' ( using Equation ® 

(/i0*0 *nf2(x)) *nh(x)- 



The second identity can be proved similarly. 



□ 



Proof of Theorem |3.3| Since *n is invariant under the right ii-action, F{\) is right i7-invariant. 
This implies that F(X) is j4d#-invariant, and therefore is of zero weight. The normal condition 
follows from the fact that 1 is the unit of the star algebra, i.e., 1 *% / = / *£ 1 = /. And the shifted 
cocycle condition follows from the associativity of the star product together with Proposition 3.9. 
Finally, let us write F{\) = 1 + hF\{\) + 0{h 2 ). Since * fi is a star product quantizing it, it 

follows that (F X (A) - if 1 (A) )(/,#) = {/, g} = rJX)(f,g), V/,5 G C°°(G). Hence it follows that 
F 1 (X)-F 2 \\) = r(X). 



Conversely, if F(X) is a quantization of r(A), according to Theorem 7.5 in pl| , ^(A)© is indeed 
an associator and therefore defines a star product on M = \)* x G. It is simple to see that this star 
product is a quantization of tt and satisfies Properties (i)-(iii) in Theorem |3.3|. 



□ 

We end this section by the following 

Remark Bordemann et. al. found an explicit formula for a star-product on R x SU(2) || using 
a quantum analogue of Marsden-Weinstein reduction. It would be interesting to see if this is a 
compatible star-product. 



18 



4 Symplectic connections 



From now on, we will confine ourselves mostly to non-degenerate triangular dynamical r-matrices. 
In this case, the corresponding Poisson manifolds are in fact symplectic, and therefore can be 



quantized by Fedosov method 21 1. As is well known, Fedosov quantization relies on the choice 
of a symplectic connection. Serving as a preliminary, this section is devoted to the discussion on 
symplectic connections. We will start with some general notations and constructions. 

Let V be a torsion- free symplectic connection on a symplectic manifold (ilf, u). Define the 
symplectic curvature [Eol by 



R(X,Y,Z,W) =u(X,R(Z,W)Y), VX,Y, Z,W e X(M), (21) 
where R(Z, W)Y = V z^wY — ^w^zY — ^[z,w]Y is the usual curvature tensor of V. 

Proposition 4.1 (i). R(X, Y, Z, W) is skew symmetric with respect to Z and W , and symmetric 
with respect to X and Y , i.e., 

R(X, Y, Z, W) = -R(X, Y, W, Z), R(X,Y, Z,W) = R(Y,X, Z,W). (22) 

(ii). The following Bianchi's identity holds: 

R(X, Y, Z, W) + R{X, Z, W, Y) + R(X, W, Y, Z) = 0. (23) 

Proof. It is clear by definition that R(X, Y, Z, W) is skew symmetric with respect to Z and W. 
Now since V is a symplectic connection, then 

u(X, V Z V W Y) 
= Z(u(X,V w Y))-u;(VzX,V w Y) 

= Z{Wu(X, Y)) - Zuj{V w X, Y) - Wuj(V z X, Y) + u{V w V z X, Y). 

Similarly, 

u(X, V W V Z Y) = W(Zuj(X, Y)) - Wcv(V z X, Y) - Ziv(V w X, Y) + uj(V z V w X, Y). 

Hence 

u(X, V [z ,w]Y) = [Z, W](u(X, Y)) - u>(V [z ,w]X, Y). 

Thus 

R(X,Y,Z,W) = lo{X, R(Z,W)Y) 

= u(X, V Z V W Y - V W V Z Y - V [z ,w)Y) 
= -u(V z VwX - V W V Z X - V [z ,w]X, Y) 
= u(Y,R(Z,W)X) 
= R(Y,X,Z,W). 

This concludes the proof of (i). Finally, (ii) follows from the usual Bianchi's identity for a torsion- 
free connection. 
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□ 



Symplectic connections always exist on any symplectic manifold. In fact, there is a standard 
procedure to construct a torsion-free symplectic connection from an arbitrary torsion-free linear 
connection [|^, 20]. Since such a construction is essential to our discussion here, let us recall it 
briefly below. 

Assume that V° is a torsion- free linear connection on a symplectic manifold M. Then any linear 
connection on M can be written as 

V X Y = V° X Y + S(X,Y), VI,7GI(M), (24) 

where S is a (2, l)-tensor on M. Clearly, V is torsion- free iff S is symmetric, i.e., S(X, Y) = S(Y, X), 
VX, Y € X(M). And V is symplectic iff V^w = 0. The latter is equivalent to 

u(S(X,Y),Z)-u(S(X,Z),Y) = (V° x u)(Y,Z), VX,Y,Z el(M). (25) 



Lemma 4.2 If V is a torsion-free linear connection, and S is a (2, l)-tensor defined by the equa- 
tion: 

u(S(X,Y),Z) = ±[(V x lu)(Y,Z) + (V y lo)(X,Z)], (26) 

then V xY = V x Y-\-S(X,Y) is a torsion-free symplectic connection. Moreover, if M is a symplectic 
G-space and V° is a G-invariant connection, then V is also G-invariant. 

Proof. Clearly, S(X,Y), defined in this way, is symmetric with respect to X and Y. Now 

u(S(X,Y),Z)-lj(S(X,Z),Y) 
= ±[(V x u)(Y,Z) + (VS*0(X,Z)] - \[<y° x u>){Z,Y) + (V° z u)(X,Y)] 

= i[(v5^)(y, z) + (v^)(x, z) + (v° x u)(y, z) + (v°^)(y, x)\ 

= (V° x u)(Y,Z), 
where the last step follows from the identity: 

(V° x lo)(Y, Z) + (V° Y u)(Z, X) + (V° z lo)(X, Y) = 0. 

This means that V is a torsion-free symplectic connection. The second statement is obvious 
according to Equation (p6|). 

□ 

Now we retain to the case that M = \)* x G, the symplectic manifold associated with a non- 
degenerate triangular dynamical r-matrix r, which is our main subject of interest in the present 
paper. The main result is the following 
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Theorem 4.3 Assume that r : f)* — ► A 2 g is a non- degenerate triangular dynamical r-matrix. Let 



M = fj* x G be equipped with the symplectic structure as in Corollary \2. q . Then M admits a 
G x H -invariant torsion-free symplectic connection V satisfying the property that Vx h = 0, VA e 
X(M), he I). 

We need a couple of lemmas first. 

Lemma 4.4 Assume that g admits a reductive decomposition q = f) © m, i.e., [f),m] C m. Then, 
the following equations define a biinvariant torsion-free linear connection V° on M: 



V^ = 0, V° x t = 0, V° x t = 0; 

v°^ = o, V°^ = 0, V^ = [^l; (27) 

where X € -£(f)*), /i, /ii S (), and e, ei, e2 £ m. 

Proof. This follows from a straightforward verification. 

□ 



Lemma 4.5 Given a Lie algebra q, if there exists a non- degenerate triangular dynamical r-matrix 
r : f)* — ► A 2 q, then g admits a reductive decomposition g = f) ffi m so that [f),m] C m. 

Proof. Fixing any A € f)*, we take m = r(A)*f) _L . Since r(A) is non-degenerate, by definition, 
we have g = t) + m. On the other hand, it is clear that dimm < dimf) -1 - = dimg — dimt). Hence, 
dim() + dimm < dimg. Therefore g = \) + m must be a direct sum. For any h E f) and ^ £ g*, since 
r(A) is of zero weight, we have [h, r(A)#£] = r{\)^{ad* h £). Since ad^ € f) -1 for any £ 6 g*, it follows 
that m = r(A)*t)- L is stable under the adjoint action of t). 

□ 

Remark Note that, in our proof above, the decomposition g = F) © m depends on the choice of a 
particular point A £ fj*. It is not clear if m = r(A)*f) _L is independent of A. 



Proof of Theorem 4.3 According to Lemma 4.5, we may find a reductive decomposition g = t)©m 
such that [f),m] C m. Let V° be the G-biinvariant torsion- free connection on M as in Lemma 4.4 . 
According to Lemma 4.2, one can construct a torsion-free symplectic connection V on M. Since the 
symplectic structure is G x H- invariant, the resulting symplectic connection V is G x H- invariant. 
It remains to show that V still satisfies the condition that V v h = 0, VAT € X(M) and h € f). 
The latter is equivalent to that S'( h , A) = 0. To show this identity, first note that VA £ X(M), 



V^A 
h 



L-rrX, since V° is torsion-free and Vy /i = 0. Hence V^w 



L-r>u). However, L-^uj 
h h 
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since to is invariant under the right //-action. Thus, we have V— >uj 

h 



0. According to Equation 



i[(v^)(i,y) + (vV)(/»,r)] = l(v° x u>)(h,Y). This 



dH), vy g x(m), w(5(fc,x),y) 

implies that u b (S(7i,X)) = ±(7T JV^w) = |V^(7T Ju) since V^TT = 0. Finally, for any i, 
hi _lu = dA* and from the table in Lemma 4.4, it is easy to check that V^dA*) = 0, Vi = 1, • • • , I. 
It thus follows that S(h; L , X) = 0, Vi = 1, ■ • • ,1. This concludes the proof. 



□ 



In the case that r(A) € A 2 m, the symplectic connection can be described more explicitly. 

Proposition 4.6 Suppose that g = f) © m m a reductive decomposition, {hi, ■ ■ ■ , hi} is a basis of 
f), and {ei, ■ ■ ■ , e m } is a basis of m. Suppose that r(A) = J2ij rl H^) e i ^ e j ^ s a non- degenerate 
triangular dynamical r-matrix. Then the symplectic connection on M obtained from V° ; using the 
standard construction as in Lemma \(.^ , has the following form: 

V^afj = 0, V /^ = ' V^e^ = [^]; (28) 

Vet^=E*4(A)^, V^g = 0, V^ = i[i~^ + E fe /£(A)et 

where d^(A) and /^(A) are smooth functions on I)*. 

Proof. The proof is essentially a straightforward computation. We omit it here. 



□ 



Corollary 4.7 Under the same hypothesis as in Proposition ^. b\ if {hi, ■ ■ ■ , h\, e\, ■ ■ ■ , e™} denotes 
the dual basis of {hi, ■ ■ ■ , hi, ei, • • • , e m } ; i/ien 

V_a.cW = o, v^/3 = o, v^3 = Efe4(A)2; 

V^ = 0, V^i = 0, V^ei=a4.ei; (29) 

V^Ai = 0, V^/4 = -iE fc 43, V^3 = -E fc 4(AMA fe -(X + /^(A))e|, 

where the coadjoint action is defined by < ad*£,u >= — < £, [u, «] >, Vn, v € g and £ € g*, and f/ie 
constants are defined by the equation [ei,ej] = J2k a ijhk (mod m). 

We end this section by generalizing Theorem IO to the splittable triangular dynamical r-matrix 



case. According to Corollary 2.9, one may reduce a splittable triangular dynamical r-matrix to a 
non-degenerate one by considering the Lie subalgebra gi C g. Thus immediately we obtain the 
following 
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Corollary 4.8 Assume that r : t)* — ► A 2 g is a splittable triangular dynamical r-matrix. Let 
M = \]* x G be its associated Poisson manifold as in Proposition \2.Q , which admits a (regular) 
symplectic foliation. Then there exists a G x H -invariant torsion-free leafwise Poisson connection 
V satisfying V x h = 0, for any ft £ I) and any vector field X £ X(M) tangent to the symplectic 
foliation. 

However, when a triangular dynamical r-matrix r is not splittable, such a Poisson connection 
may not exist. We give a counterexample below. 

Example 4.9. Consider a two dimensional Lie algebra 9 with basis {h, e} satisfying the bracket 
relation [h, e] = ah, where a is a fixed constant. Let \] = Mh and r(A) = f(X)h A e, where /(A) is a 
smooth function. It is simple to see that r(A) is a triangular dynamical r-matrix of rank zero, and 
it is not splittable unless a = 0. Nevertheless, r(A) defines a regular rank 2 Poisson structure on the 
three dimensional space M = KxG with the Poisson tensor ir = h A 4v + /(A) h A if, where G is a 
2-dimensional Lie group integrating the Lie algebra 9. It is simple to see that the symplectic folia- 
tion of M is spanned by the vector fields h and 3X+/(A)~e*. Let us denote X = ^ + /(A)"e > . Then, 
we have [ h , X] = a/(A) h . Now suppose that V is a G x iJ-invariant torsion-free leafwise Poisson 
connection on M satisfying the condition that V-^> h = and Vx h = 0. Since V is torsion-free, it 

follows that V-^X = [ h , X] = a/(A) h . Assume that V^A = b(X, x) h + c(A, x)X, where 6(A, x) 

and c(A, x) are smooth functions on M. Then, Vx7r = Vx( h A X) = h A V xX = c(A, x) /i AX. 
Since V is a Poisson connection, it follows that c(A, x) = 0. Finally, we still need to check that V 
is G x .ff- invariant. It is clear that V is G-invariant iff the function 6(A, x) is independent of x £ G 
(which will be denoted by b(X)). For it to be invariant under the right if-action, one needs the 
following condition: 

V-£ X + V x [t,X] = [t, V x X] = [t, b(X)t} = 0. 

It thus follows that V ^ X + Vx(af(X)Ji) = 0, which implies that f 2 (X) a 2 Ji +a(-§L) Ji = 0. 
Therefore, we arrive at the following equation (under the assumption that a / 0): 

f x =af\X). (30) 

In conclusion, we have proved that such a connection does not exist unless /(A) is a solution of the 
above equation. It would be interesting to find out what is the geometric meaning of this equation. 



Remark Our quantization method does not work for this particular example. It is thus very nat- 
ural to ask whether this dynamical r-matrix is still quantizable. Etingof and Nikshych recently has 
given an affimative answer to this question using the so called vertex-IRF transformation method 
[ 14 ] . Their method indeed works for a large class of dynamical r-matrices called "completely degen- 
erate", which somehow is opposite to the non-degenerate ones considered in this paper. It would 
be very interesting to see whether one could combine these two methods together to completely 
solve the quantization problem for arbitary triangular dynamical r-matrices. 
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5 Compatible Fedosov star products 



In this section, we consider Fedosov star products on a symplectic Hamiltonian ff-space M, where 
H is an Abelian group. For the reader's convenience, we will give a brief account of the general 
construction of Fedosov star products in Appendix. Readers may refer to that section for various 
notations and formulas that are used here. What is eventually relevant to our situation is the case 
when M is the symplectic manifold f)* x G corresponding to a nondegenerate dynamical r-matrix. 
However, we believe that our general presentation would be of its own interest. We can now state 
the main result of this section. 

Theorem 5.1 Let H be an Abelian group and M a symplectic Hamiltonian H-space with an 
equivariant momentum map J : M — ► f)*. Assume that J is a submersion, and there exists 
a H-invariant symplectic connection V such that h is parallel for any h G \), i.e., Vj/i = 0, 
\/X G X(M). Let * h be the corresponding Fedosov star product on M with Weyl curvature = 
lo + hw\ + • • • + h l u>i + • • • G Z 2 (M) [ft] ; which satisfies the condition that i^^i = 0> vz > 1, V/i G f). 

Then for any /(A) G C°°(f)*) and g(x) G C°°(M), we have 

oo t 1 ak f 

(Tf)* h g(x) = £(--) V* W*-. .d\0 K '-- hi ^ 

k=0 
k=0 

Here h denotes the corresponding Hamiltonian vector field on M generated by h G f). 



Remark From Theorem |0], it follows that J* : C°°(f)*)[fi.] — ► C°°(M)[h\ is an algebra homo- 
morphism, where C°°(f)*)[?i] is equipped with pointwise multiplication. In other words, J* is a 
quantum momentum map |p7|. It would be interesting to see how to generalize this result to the 



case when H is not Abelian [42]. 



Applying Theorem 5.1 to the symplectic manifold M = ()* x G associated to a nondegenerate 



triangular dynamical r-matrix, and using Theorem 4.3, we obtain the following 



Corollary 5.2 Let r : f)* — > A 2 g be a nondegenerate triangular dynamical r-matrix, and M = 
\)* x G its associated symplectic manifold. Let V be the symplectic connection on M as in Theorem 



4-5. Suppose that O = oj + hw\ + • • • + h % uji + • • • G Z 2 (M) G [fi] satisfies the condition that ij^^i 



0, Vi > 1, h G \). Then the Fedosov star product on M corresponding to (V, O) is a compatible star 
product. 



Combining with Theorem 3.2, we are lead to the following main result of the paper. 



Theorem 5.3 Any nondegenerate triangular dynamical r-matrix is quantizable. 
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More generally, if r is a splittable triangular dynamical r-matrix, according to Corollary 4.8 



the corresponding Poisson manifold M = f)* x G admits a G x //-invariant leafwise (w.r.t. the 



symplectic foliation) Poisson connection such that Vxh = 0,v7i £ f). Applying Theorem 5.1 
leafwisely, we thus have the following 

Theorem 5.4 Any splittable triangular dynamical r-matrix is quantizable. 



The rest of the section is devoted to the proof of Theorem 5.1. We will start with the following 



(ii 
(iii 
(iv 

(v 



For any (r, s)-type tensor S G T^ r ' s ^M and h G fj, we have = ^f^^' 



Proposition 5.5 Under the same hypothesis as in Theorem |5-4 we have 
(i)- 

VX G X(M) and i > 1, Vx(</*<£V) = 0. 

Giwen any G fi^M), if~ti J6> = 0, tfien 7T JVjfl = 0,VlG X(M). 

Y, Z, W) = 0, if any of the vectors X, Y, Z, W is tangent to the H -orbits. 



Vj±R = 0, Mh G f). 



Proof, (i). Since V is torsion- free, for any vector field X G X(M), we have 

V-+X = V x ~h + \t, X] = [t, X] = L-r+X. 
h h 

This implies that \ 1 = ^-^0 for any one form 6 G Q (M). Therefore = ^fT^ ^ or an y 

(r,s)-type tensor S G T^M. 

(ii) . Since J : M — ► fj* is a momentum map, it follows that J*d\ l = ui b hi, where u h : 
X(M) — ► J7 1 (M) is the isomorphism induced by the symplectic structure u. Hence V 'x(J* 'dX 1 ) = 
SJ x{u h hi) = u b (S7 xhi) = 0, since V is a symplectic connection. 

(iii) . We have V ' x (fi -JO) = (V^TT) _l + _| V^f = t -I V x #. The claim thus follows. 

(iv) . Let <3? denote the //-action on M. For any h G f), since V is //-invariant, it follows that 
VW,Y G X(M), V(<s> eKpth *w){$expth*Y) = $expth*(VwY). Taking the derivative at t = 0, one 
obtains that 



Hence, 



/*(/>, W) y = v^y-v^y-v^y 

= [t, V W Y] - V w [t, Y] - V [tm Y 
= 0. 

On the other hand, we know that R(Z, W) h = 0, since h is parallel by assumption. This 
means that R(X, Y, Z, W) = if Y = h or Z = h . Since R(X, Y, Z, W) is antisymmetric with 
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respect to W,Z, and symmetric with respect to X, Y according to Proposition 4.1 , the conclusion 
thus follows. 



(v). Since both the connection V and the symplectic structure co are .ff-invariant, the symplectic 

curvature R, as defined by Equation (|2ll), is also ii-invariant. Hence, for any h € t), according to 

(i), V-r+i? = L->R = 0. 
h h 

This completes the proof of the proposition. 

□ 

By K C TM, we denote the integrable distribution on M corresponding to the -H-orbits, and 
K its conormal subbundle. That is, a covector is in K 1 - iff < 6, h >= 0, V/i G f). For 
any x € M, by pol(-fT^~), we denote the polynomials on T X M generated by those linear functions 
corresponding to covectors in K^r- By W%, we denote the formal power series in h with coefficients 
in pol(K^r). Clearly W x is a subalgebra of the Weyl algebra W x . Let W 1 - = U^mW^ be the 
subbundle of W. We also consider W L ® A q K ± , a subbundle of W® A q T*M, whose space of 
sections is denoted by FW ± ®(A ± ) q . As before, let us fix a basis {hi, • • • , hi} of f), and denote by 
(A 1 , • • • , its induced coordinate system on ()*. Since J : M — > fj* is a momentum map, we have 
Xj»x = hi, Vi = 1, • • • , I. It thus follows that J*/ij = J*Xj, A i =0, Vi = 1, • • • ,1, since t) is Abelian. 
Next we need to extend {hi, ■ ■ ■ , hi} to a set of (local) vector fields which constitutes a basis of 
tangent fibers of M. For this purpose, let {u±, • • • , u m } be (local) vector fields on M tangent to the 
J-fibers such that {hi, ■ ■ ■ , hi, ui, ■ ■ ■ , u m } constitutes a basis of the tangent spaces of the J-fibers. 
Choose (local) vector fields {v±, • • • , vi} on M such that J^Vi = -Jlj, Vi = 1, • • ■ , I, which is always 
possible since J is a submersion. It is easy to see that locally {hi, ■ ■ ■ , hi , V\, ■ • • , Vi, u\, ■ • • , u m } 

constitutes a basis of the tangent fibers of M. Let {h~l, • • • , h^, vl, ■ ■ ■ v\, u\, • ■ ■ , u™} be its dual 
basis. Then any section of VF<8>A can be written as 

a = E : •••',■.•./: •••./., !)'■ ■ ■ ■ V*< x A • • • A xi q , (31) 

where all y*'s and x\ 's are either h\, v\ or u\, and the coefficients ak,ii—i P ,ji-j q are covariant tensors 
symmetric with respect to ii ■ ■ -i p and antisymmetric in ji ■ ■ ■ j q . It is simple to see that a section 
a belongs to TW ± ®(A- L ) q iff there are no terms involving explicit h\ 's in the above expression. 

Lemma 5.6 (i). For any i = 1, ■ ■ ■ , I, J*d\ % = v\; 
(ii). for any SJj+vi = 0, and Vj*h{ and Vj^ui belong to TK^-; 

(hi), for any n(vl,h{) = <%, 7r«,t4) = 0, tt{vI,uI) = 0; 
(iv). the commutatant of {vl, ■ ■ ■ ,v[} in TW is TW- 1 . 

Proof, (i) < J*d\\ vj >=< d\ i , J*Vj >=< d\ j , -Mr >= <5y. Similarly, we have < J*dX\uj >= 
and < J*dX\ hj >= 0. Therefore, J*dX { = vi 
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(ii) According to Proposition 5J3, Vj->vl = Vj->(J*d\ J ) = 0. Also, \/k, < V-j-*hi,hk > 

n% n% n% 

= Vt-> < hi, hk > — < hi,Vj->hk >= 0. Hence it follows that V-r^hi G TK L . Similarly, we can 

fli tli til 

prove that V-r>w* G TK- 1 . 
hi 

(hi) We have n(vl,hi) =< ■K#{J*d\ t ), hi >=< hi, hi >= Sij. Similarly, we can show that 
ir(vl,vi) = and n(vl, ul) = 0. 

(iv) Assume that a G TW such that [a, v\] = 0, Vi = 1, • • • , I. It thus follows that {a, v\} = 0, 
where the Poisson bracket refers to the one corresponding to the fiberwise symplectic structure on 
TM. Thus a G TW 1 - according to (iii). 

□ 



Lemma 5.7 (i). TW^^A 1 - is closed under the multiplication o as defined by Equation (46). 

(ii) . TW^^A 1 - is closed under both the operators 5 and S^ 1 . 

(iii) . rW <8>A is invariant under the covariant derivative Vx, VA G X(M). 

Proof, (i) and (ii) are obvious. For (iii), note that T(A'- L ) is invariant under the covariant derivative 
Vjc according to Proposition |5.5| (iii). Hence rVF^CgA -1 - is also invariant. 



□ 

As an immediate consequense, we have the following 
Corollary 5.8 If a e TW ± ®A ± and V-^a = 0, V/i G f), then da G TW 1 - 



To prove Theorem ^lj, we start with the following 



Lemma 5.9 Under the same hypthesis as in Theorem 5.1 , we have 70 = 5 1 fl €. TW^&iA 1 - and 
V-^ 7o = 0,V/iGt). 

Proof. According to Equation (|57|), we know that Q = Q — uj + R = R + hw\ + h 2 L02 + • • •• By 
assumption, we have G TW -*-<£> A 1 - , Vi > 1. On the other hand, according to Proposition 5.5 
(iv), we know that R G TW^^A 1 -. Therefore, & G TW ± ®A 1 -. Hence 70 G rif 1 ^ 1 by Lemma 

Finally, note that for any h G f), ^j^^i = (<^i) + d(i-r+Ui) = d(i-r+oji) = 0. According to 



Proposition 5.5, we have L~r>R = V-r>i? = 0. Hence L-r>Q = 0. It thus follows that V-^70 

h h h h 



L T . 7o = L^- 1 ^ = (5-^-^0 = 0. 
h h h 



□ 
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Proposition 5.10 Under the same hypthesis as in Theorem 5.1, the element 7, defined as in 



Theorem \A.^\ belongs to YW <g)A and satisfies = 0, V7i G t). 



Proof. We prove this proposition by induction. Assume that 7 n G YW <g>A and ^~£ln = 0, V7t € 



f). It suffices to show that 7 n +i satisfies the same conditions. By Equation (5£), 7 n +i and 7 n are 
related by the following equation: 



7n+i = 70 + 5 1 (57 n + -7^), Vn > 0. 

ft 



(32) 



On the other hand, by Lemma 5.7 



According to Corollary |5.8| , we have d"f n G YW 
7^ G rTy _L (8)A- L . Hence 7n+i G rW~ L ®A J - according to Lemma 5.7 and Lemma 5.9 

Now 



V-£(7n+l) 
L 7 .^ 1 (07n + ^) 



Here, in the last step, we used the relation L-^d = 9L-^, which follows from the fact that the 
symplectic connection is //-invariant. This concludes the proof. 

□ 



As in Appendix, for any a G C°°(M), we denote by a G Wd its parallel lift, i.e., Da = and 



aL=o = a. Theorem 5.1 is in fact an immediate consequence of the following 



Proposition 5.11 Under the same hypothesis as in Theorem 5.1, 
(i). ifa = J*f for f G C°°(F)*), then 



k=0 



d\h ■ ■ ■ dX^ 



K 1 



(33) 



(ii). for any a G C°°(M), 



00 



k=0 



where the reminder T does not contain any terms which are pure polynomials of h\ 's. 
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Proof. For (i), it suffices to prove that a given by Equation ( |33| ) is a parallel section. According to 
Proposition |5,1C| and Lemma |5,6| , we have [7, a] = 0. Thus it follows that Da = —5a + da, which 
clearly vanishes since dv\ = by Proposition (ii) and Lemma |5.6| (ii) . 

For (ii), recall that a is determined by the iteration formula 

a n+ i = a + 6~ 1 (da n + [^,a n ]). (34) 

So it suffices to prove that 

a « = ii V 1 *! ■ ■ ■ hi k ao)h? ■ ■ ■ hf + T n , 

k=0 

where each term in the reminder T n is not a pure polynomial of h^s. This can be proved by 
induction again. 

Assume that this assertion holds for a n . To show that it still holds for a n +i, we need to 
analyze which terms in a n would produce pure polynomials of h^s out of Equation ([34|). Since 
7 6 TW ± ®A ± , we may ignore <5 _1 [|7,a n ] and only consider 5~ 1 da n = (j>2i ^T* a n A h\ + 

J2i ^Vi a n Au» + J2i V Ui a n Ait*). From this, it is clear that those terms containing pure polynomials 
of hl's arise only from S~ 1 (J2i V^->a n A/i* ). Now a general term in a n has the form h k a a p 1 (x)v^h*uj , 
where a, (3 and 7 are multi-indexes. However, 

= (hia a p 7 (x))v^h^u2 + a a /3 7 (x)v%(Vj*hP)u2 + a a ^(x)v^h^(Vj^uJ). 

According to Lemma neither Vt->/i* nor Vy->uZ will be a pure polynomial of h^'s. Hence to 

produce a pure h\ -polynomial term, one needs that a = 7 = 0. And in this case, the resulting pure 
/^-polynomial term is h k (hiaopo(x))h* . In conclusion, only pure /^-polynomial terms in a n can 
give rise to pure h\ -polynomial terms in 5~ l da n . Hence the pure h\ -polynomial terms in a n +i is 

a o+Efc=o BkTT h i(hh • • • hih^KK 1 ■ ' ' hl k , which clearly equals to J2kto T?.( h h ' ' ' ^i fe Q o)^* • • • h\ k . 
This concludes the proof. 

□ 

6 Classification 

This section is devoted to the classification of quantization of a non-degenerate triangular dynamical 
r-matrix. Our method relies heavily on the classification result of star products on a symplectic 
manifold. First, let us introduce the following: 
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Definition 6.1 Two quantizations F(X) and E(X) of a triangular dynamical r -matrix are said to 
be equivalent if there exists a T(A) : t)* — > (UqY 1 [ft] satisfying the condition that T(A) = \{mod h) 
and e(T(A)) = 1 such that 

E(X) = AT(A)- 1 F(A)r 1 (A - ±hh®)T 2 (\ + \hh {1) ). (35) 

To justify this definition, we need the following result, which interprets this equivalence in terms 
of star products. 

Theorem 6.2 Given a compatible star product * K on the Poisson manifold (M, tt) associated to a 
triangular dynamical r -matrix r(A), assume that T(A) : fj* — ► ([/g) 1 ' [ft] satisfies the condition that 
T(A) = l(mod h) and e(T(A)) = 1. Then the ^-product: 

f*\g = f~\ff * h ?g), Vf,g G C°°(M) (36) 

is still a compatible star-product. Moreover, if f,g £ C°°{G), 

f* H g = Ejtf(f,g), (37) 

where E(X) is given by Equation (jffqj. 



Thus we are lead to the following 



Definition 6.3 Compatible star-products *% and *n are said to be strongly equivalent iff they are 
related by Equation ( fgqj for some T(A) : E)* — > (t/g^Jft] satisfying the property that T(X) = 
l(mod h) and e(T(A)) = 1. 



An immediate consequence of Theorem 6.2 is the following: 



Corollary 6.4 Tjf -F(A) is a quantization of a triangular dynamical r-matrix r : \j* — ► A 2 g and 
T(A) : t)* — > (Uq^IHJ satisfies the condition that T(X) = l(mod h) and e(T(A)) = 1, iften 

£(A) = AT(A)- 1 F(A)T 1 (A - iftft( 2 ))T 2 (A + iftft«) 
is also a quantization ofr(X). 



Due to this fact, Definition ( |6.1| ) is well justified. Indeed, Theorem 6.2 allows us to reduce 
the classification problem of quantizations of a triangular dynamical r-matrix to that of strongly 
equivalent star products on M. 

Remark Let R E (X) = E 21 (A)" 1 E 12 (A) and R F {X) = F 21 (A)" 1 F 12 (A) . It is easy to see that 
they are related by 

R E (X) = T 2 (A - ift/ l «)- 1 r 1 (A + ^hh^RpiX^iX - \h^)T 2 {X + \hh^). (38) 
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Alternatively, we may define a quantization of a triangular dynamical r-matrix r(A) to be an 
element R(X) = 1 + hr(X) + • • • € C/g®C/g[/i] satisfying the QDYBE, and define an equivalence of 
quantizations by Equation (|38|). This definition sounds weaker than our original one. We do not 
know, however, at this moment whether these two definitions are equivalent. It would be interesting 
to have this clarified. 

To prove Theorem B^, we need a lemma. 



Lemma 6.5 Assume that T(A) : fj* — * (UQ^lhJ is as in Theorem 6.& , then 

(i) . (ade) n (T®l) = (-k) n E n .., n gJZx^ hh ■ ■ ■ K; 

(ii) . e^fgi^G- 1 = Tx(A - \hh^); 

(iii) . 9(l®T)e- 1 = T 2 (A + \hhV); 

(iv) . Q{T®T)Q- X = Ti(A - \hh^)T 2 {X + \hh^). 

Proof, (i) We prove this equation by induction. Obviously, it holds for n = 0. Assume that it 
holds for n = k. Now 

{ad e ) k+1 {T®l) 

1 d k T 

= adg\(--) k V —. — — ®hii ■ ■ ■ hi,] 

2 ^ dX tl ■■■dX l k 1 ki 

h—ik 

11 d d k T 



(ii) We have 



{ ~2 } ^ dx^-'-dx^® h " ik+1 ' 
*i---«fc+i 



exp (hade){T®l) 
Y,y(had e ) k (T®l) 

k=0 

^ i * d k T 

fy { -2 ] dX^--dX^ --- h - 



= Tl (X- l -hhW). 
(iii) is proved similarly, and (iv) follows from (ii) and (iii). 
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□ 

Proof of Theorem |6^ If f,g g C°°(f)*), then T t f = f and g = g since e(T) = 1. Hence 

T~ 1 (?f* h ?g) = fg. 

Now if / € C°°(f>*) and 5 G C°°(G), 

~?f *r> ^g 
= f*n/?g 
= &(f,Tg ) 

= e(l®r)(/,g) (by Lemma 

j > 

= T 2 (X + -hhW)e(f,g) 



1 (9 fc T 
fc=0 



= (l(8.T)e(/,g) 
= ^(/ 

Here in the last equality, we used the fact that does not involve any derivative 7^7. So we have 
proved that f~ X {^f * h f g) = ~3{f,g). 



Finally, assume that /, g € C°°{G). According to Theorem 3.8, 

= (F(A)9)(T t /, 7 t g) 

= F(\)G(T®T)(f,g) (by Lemma |6 



F(A)T X (A - ^ 2 ))T 2 (A + \hh^)@(f, g). 



It thus follows that 



= AT(A)- 1 F(A)T 1 (A - \hh^)T 2 (\ + ^«)9(/, 5 ) 
= E(Xje(f,g). 
This concludes the proof. 

□ 



The rest of the section is devoted to the classification of strongly equivalent classes of compatible 
star products on M = \)* x G. The classification of star products on a general symplectic manifold 
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was studied by many authors, for example, see [pi |ll], [34|, 3C, 37]. Here we follow the elementary 
approach due to Bertelson, Bieliavsky and Gutt [|7fl concerning invariant star products. 

First we prove 

Theorem 6.6 Let M = fj* x G be the symplectic manifold corresponding to a non- degenerate 
dynamical r -matrix r(A). Two compatible Fedosov ^-products are strongly equivalent iff their Weyl 
curvatures f2* and Q are strongly cohomologous, i.e., 0* — Q = dO, where 6 E r2 1 (M)[ft] is G x H- 
invariant and satisfies = 0, V/i € f). 

From now on, in this section, by M we always mean the symplectic manifold f)* x G associated 
with a non-degenerate dynamical r-matrix. Let g = ()©m be a reductive decomposition as in Lemma 
|4.5| , and {hi, ■ ■ ■ ,hi} a basis in f), and {ei, • • • , e m } a basis of m. If we choose V{ = -Jj^ and Ui = et, 
then {hi, ■ ■ ■ , hi, vi, ■ ■ ■ , v\, ui ■ ■ ■ , u m } constitutes a local (in fact global in this case) basis of tangent 



fibers of M, which satisfies all the required properties as in the construction preceding Lemma 5.6. 

— > — * 1 — 1 

In what follows, we will fix such a choice, and denote by {h^, ■ ■ ■ , h*, v\, ■ ■ ■ v\, u\, ■ ■ ■ , u™} its dual 
basis. 

Lemma 6.7 Assume that D is an Abelian connection defining a compatible ^-product on M as in 



Corollary [5J]. For any a G C°°(M), let 

5 = £ h k D k ^(a)v«hPul € T(W) (39) 

be its parallel lift, where a, (3 and 7 are multi-indexes, and Dk y a/3-f ore certain differential operators 
on M . If an operator -Dfc iCrj g 7 involves a derivative of X G \)* , then the corresponding term satisfies 
\a\ > 0. 

Proof. As it is known, a is given by the iteration formula 

a n+ i = a + b~~ l {da n + [-7, a n ]), 

n 

so it suffices to show that a n possesses such a property for any n, which we shall prove by induction. 

Assume that a n possesses this property, and we need to show that so does a n+ i. Let h k Dk^ a /3 1 (a)v"h^u'l 
be a term in a n+ \, where -Dfc jQ/ g 7 involves a derivative of A. There are two possible sources that 
this term may come from. One is from 5~ l [^7, a n ]. Since this operation does not affect the part 
involving derivatives on a, so it must come from a term having the form: 

5-\- hl ,h k 'D KaM {a)vih^ut], (40) 

where h k Dk^ a p^{a)v^ h* ul is one of the terms in a n . By assumption, we know that \a'\ > 0. Since 
7 G TW^®A^, it follows from Lemma |3j] that any resulting term in Equation (|40| ) has at least a 
factor v® . 

Another possible source is from 5~ 1 (da n ). Now 

a n )u\. 
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If it arises from the first term, we are done. Assume that it comes from the second term: (V 'j^a n )h\. 
Let h k Dk fQ /3^(a)v"h^uJ be a general term in a n , then 

Vj+{h k D k , aPl (a)v«hPuZ)=H k {tiD^ 

From this equation, it is clear that Dk&Pi must already contain some derivative of A G f)*. The 
conclusion thus follows from the inductive assumption. A similar argument applies when it arises 
from the last term (V^->a n )u* . This concludes the proof. 

□ 



Proof of Theorem 6.6 Our proof here is essentially a modification of the proof of Corollary 5.5.4 



in (21 1 . 



"Necessity." Let 

D = S + d + and 
n 

A, = -5 + d + ^,-} 

n 

be the Abelian connections with Weyl curvatures f2 and 17*, respectively, and A : Wd — ► Wo, an 
isomorphism of algebras. It is standard that A lifts to an automorphism of the Weyl bundle W, 
which will be denoted by the same symbol A : W — > W. Then A is G x //-equivariant. As in 



[21], we may assume that A{a) = U°a°U 1 for some U G rW+, Va G W. We may also assume that 



U is G x //-invariant since A is G x //-equivariant. By assumption, we also know that Aa = a if 
a = Do° M aw v * 1 ' ' ' v * k G C°°(t)*)) which is the parallel lift of ao according to Proposition 



5.11. This implies that U commutes with v\, i = 1, • • • ,1, and therefore U E rW+ according to 
Lemma |5.6| . Consider another Abelian connection: Da = (AoDoA~ 1 )(a) = UoD(U~ 1 alI)oU~ 1 = 
Da - [DUdJ- 1 ^]. Then D has the same Weyl curvature as D (see Theorem 5.5.3 and Corollary 
5.5.4 in which is assumed to be Q. On the other hand, 

D*a-Da = -{-j* -j -ihiDUoU- 1 )^} 
h 

= J[A 7> o]. (41) 

Since U G TW^ and 7*, 7 G rW^igA- 1 , it follows that A7 G rW-^A 1 . It is also clear that A7 
is G x //-invariant. Moreover, from Equation (|4i"|), it follows that [A7, a] = 0, if a G Wb«- Hence 
A7 is a scalar form. Thus f2* — = dAj. Clearly, A7 is G x //-invariant and i-^A'j = 0, V/i G f). 



"Sufficientity" . Assume that - Q = d6, 9 G fi 1 (M)[S] is G x F-invariant and i-j+0 = 0, 

V/i G f). Let fi(t) = 9, + td9 and D t = -<S + 5 + |[7(i), •] be the Abelian connection with Weyl 
curvature f2(i), where j(t) is as in Theorem A.2| satisfying S~ lr y(t) = 0. 

Let H(t) G TW be the solution of the equation D t H(t) = — 9 + -y(i) satisfying H(t)\ y=0 = 0. 
Then H{t) is G x //-invariant since -Dt, 9, j(t) are all G x //-invariant. On the other hand, 
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since j(t) G rW ± (giA- L according to Proposition 5.10 , and G TA 1 - by assumption, it follows that 
H(t) G FW X . 

According to Theorem 5.5.3 [Ej], the solution of the Heisenberg equation: 

^ + [H(t), a] = (42) 
* Wo,, which is given by a(0) — > a(l). In fact, D t a(t) = if 



establishes an isomorphism Wd - 
Da(0) = 0. 

Clearly, this correspondence is G x if-equivariant since H(t) is G x ^-invariant. So its corre- 
sponding formal differential operator T : C°°(M)[fi\ — > C°°(M) [7i] is G x ff-invariant. Finally it 
remains to show that T, as a formal differential operator, does not involve any derivative of A G fj*. 

To show this, for any a G C°°(M), let a £ be its parallel lift, and a(t) the solution of 
Equation (fTJ) satisfying the initial condition a(0) = a. Then D t a(t) = 0. Also, let a(i) = 0(^^=0- 
Write 

a(i) = ^s'^WtW^X^I' 
If an operator Dt t k,a/3-y involves a derivative to A G f;*, we know that a^O according to Lemma 
|6.7| . Since H(t) G TW- 1 , it thus follows that [H(t), D t) k,ai3-y{0'{t))v^:h*ul]\y=Q = 0. This implies that 
[H (t) , a(t)]\ y= o = T>ta(t), where T>t is a formal differential operator on M involving no derivatives 
of A G f)*. Now Equation (|42|) implies that 



da(t) 
dt 



+ V t {a{t)) = 0. 



Therefore the equivalence operator T : C ao {M)\h\ — ► C°° (M) [ft] , which sends a(0) to a(l), does 
not involve any derivative of A G fj*. This concludes the proof. 



□ 



As in Q, by C^jj (M), we denote the space of differential Hochschild /c-cochains on C°°(M) 
(i.e. k-multidifferential operators on M) vanishing on constants, and denote by b : C^f f o(M) — ► 
C d if\ (M) the Hochschild coboundary operator. 

Proposition 6.8 Suppose that *^ and *' h are two compatible star-products on M: 

00 00 
u * h v = hh C k (u, v), u *' h v = J2 h k C' k {u, v), Vu, v G C°°(M). 

k=0 k=0 

Assume that * h and *' h coincide with each other up to order n, i.e., Ck = C' k , < k < n. Then 

(i) . {C n+1 -C' n+1 ){u,v) = H(u,v) + (bfi)(u,v), where B eC 2 ft',(A 2 ^) is a S r 2-cocycle (i.e., 

5 r B = 0), and E : fj* — > (t/g) 1 '. Here 5 r denotes the coboundary operator defined by Equation 

§)■ 

(ii) . C 1 = §{•, •} + bet for some c x G C°°(f)*, (C/g)"). 
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(iii). If B = 5 r X, X G C°°(t)*,fl i ') ; then the formal operator T = 1 + h n X* + h n+1 E~[ transforms * h 
to another star-product, which coincides with *' h up to order n + 1. Here E\ = E{u) — [X, c\]. 

Proof. We use a similar argument as in Q. 

(i). By definition, if either u or v is in C°°(f)*), we have u*nv = u*' h v = @(u,v), which implies 
that (C n+ i - C' n+1 )(u,v) = 0. 

On the other hand, as it is well known, C n+ \ — C' n+1 is a Hochschild 2-cocycle [j7|, |37|. Hence 
we may write 

Cn+l — Cn+i = S + bT, 

where S G T(/\ 2 TM) and T is a Hochschild 1-cochain. Since S and bT are, respectively, the 
skew-symmetric and symmetric parts of C n +i — C^ +1 , they share many common properties as 
C n +i—C' n+1 . In particular, both of them are G x //-invariant and vanish when one of the argument u 
or v belongs to C°°(f)*). This implies that S = /?, for some B S C°°(f)*, (A 2 g) f '). It is also standard 
|37| that S 1 satisfies the equation: [-7T, 5] = 0, which is equivalent to 5 r B = according to the 



remark following Proposition 2.11, 



Now M = f)* x G clearly admits a G x //-invariant (in fact G-biinvariant) connection. Since bT 
is G x //-invariant, according to Proposition 2.1 in Q, we can assume that T is a G x //-invariant 
1-cochain. Since (bT)(u,v) = 0, Vu, v E C°°(f)*), we have u(Tv) — T(uv) + (Tu)v = 0. On the 
other hand, since Tu is G-invariant, it must be a function of A € f)* only, i.e., Tu € C°° (()*). 
Hence the restriction of the operator T to C°°(f)*) defines a vector field y on f)*. Now since 
(bT)(u,v) = 0,Vn G C°°(f)*), it follows that 

(T - Y)(uv) = u(T - Y)(v), Vu G C°°(f|*), v G C°°(M). 

Hence T — y does not involve any derivative with respect to A G f)*. Since T — Y is G x //-invariant, 
it follows that T - Y = for some £ : fj* — > (£/fl) f >. Therefore, 6T = bE*. 

(ii) It is standard that C\ = \{-,-} + ^ c 'i; where c' x is a Hochschild 1-cochain. By repeating 
a similar argument as in (i), we can prove that c'i can be chosen so that c'i = for some c\ G 

C°°(f)*, ([/£()»). 

(iii) If B = 5 r X, then ^ = [n, X] according to the remark following Proposition 2.11. It is easy 



to check that the operator T = 1 + h n jt + K n+1 Ei transforms *n to another star-product, which 
coincides with *' h up to order n + 1. 

□ 

As a consequence, we have 

Corollary 6.9 If r is a non- degenerate triangular dynamical r -matrix and M = ij* x G its associ- 
ated symplectic manifold, then every compatible *-product on M is strongly equivalent to a Fedosov 



-product as constructed in Corollary 5.i. 



Proof. This follows essentially from the same argument as in the proof of Proposition 4.1 in 
We will omit it here. 
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□ 

Combing with Theorem 6J:, we thus have proved: 



Theorem 6.10 Let M = fj* x G be the symplectic manifold associated with a non- degenerate 
triangular dynamical r-matrix r : fj* — > A 2 g. Then the equivalent classes of compatible *-products 
on M are classified by the relative Lie algebra cohomology (with coefficients being formal power 
series of h) H 2 (g, f))[ft]. 



Using Theorem 5.2, we are thus lead to the following 



Theorem 6.11 The equivalence classes of quantization of a non- degenerate triangular dynamical 
r-matrix r : t)* — > A 2 g are classified by the relative Lie algebra cohomology (with coefficients being 
formal power series of h) H 2 (g, f))[ft]. 

Remark It would be interesting to see if this theorem can be proved by directly applying the usual 
classification theorem of star products on a symplectic manifold. One of the difficulties is that the 
characteristic class of a star product is usually difficult to computer. Recently, Tsygan comes up a 
nice way of redefining the characteristic class using the jet bundle. This may shed some new light 
on our problem. 

Inspired by Kontesvich's formality theorem, we end this section with the following: 



Conjecture For an arbitrary classical triangular dynamical r-matrix r : (j* — > A 2 g, the quan- 
tization is classified by .M r (g[ft], ()), the formal neighbourhood of r in the moduli space .M(g[ft], f)). 



A Appendix 

In this section, we recall some basic ingredients of the Fedosov construction of ^-products on a 
symplectic manifold, as well as some useful notations, which are used throughout the paper. For 



details, readers should consult |20|, |2l[| . 



Let (M, oS) be a symplectic manifold of dimension 2n. Then, each tangent space T X M is equipped 
with a linear symplectic structure, which can be quantized using the standard Moyal-Weyl product. 
The resulting space is denoted by W x . More precisely, 



Definition A.l A formal Weyl algebra W x associated to T X M is an associative algebra with a unit 
over C, whose elements consist of formal power series in ft with coefficients being formal polynomials 
in T X M . In other words, each element has the form: 

a(y,h) = Y,?i k ak,ay a (43) 

where y = (y , • • • , y 2n ) is a linear coordinate system on T X M , a = (ai, • • • , «2n) is a multi-index, 
y a = {y l ) ai ' " " (y 2n ) a2n , and a^ a are constants. The product is defined according to the Moyal-Weyl 
rule: 
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a * b = y (-) k ^ hh ■ . . 5 . d\ . ■ (44) 

k\ dy 11 ■■■dy'k d y n ...dyi* v ; 

Let W = U X £mW x . Then W is a bundle of algebras over M, called the Weyl bundle. Its 
space of sections TW forms an associative algebra with unit under the fiberwise multiplications. 
One may think of W as a "quantum tangent bundle" of M, whose space of sections TW gives rise 
to a deformation quantization for the tangent bundle TM, considered as a Poisson manifold with 
fiberwise linear symplectic structures. As in j^0|, by W + we denote the extension of the algebra 
W consisting of those elements described as follows: 

(i) . elements a E W + are given by series (|43|), but the powers of ft can be both positive and 

negative; 

(ii) . the total degree 2k + \a\ of any term of the series is nonnegative; 

(iii) . there exists a finite number of terms with a given nonnegative total degree. 

The center Z(W) of TW consists of sections not containing y's, thus can be naturally identified 
with C°°(M)[ft]. By assigning degrees to y's and ft with degy 1 = 1 and degft = 2, there is a natural 
filtration 

C°°(M) C r(Wi) C • • • T(Wi) C T(W i+ i) • • • C T(W) 

with respect to the total degree (e.g., any individual term in the summation of the RHS of Equation 
( |43| ) has degree 2k + \a\.) 

A differential g-form with values in W is a section of the bundle W <8> A q T*M, which can be 
expressed locally as 

a(x, y, ft, dx) = J2 l' l '"i,:. ] ^,. Jl -jJ^ ■ ■ ■ y ip dx jl A • • • A dx j ". (45) 

Here the coefficient o,k,ii—i,ji—j q i s a covariant tensor symmetric with respect to i\ ■ ■ ■ i p and anti- 
symmetric in ji ■ ■ ■ j q . For short, we denote the space of these sections by TW <8> A q . There is an 
associative product on TW ® A* , which naturally extends the multiplication * on TW and the 
wedge product on A*: 

(a®9).(tew) = (a*i)®(flAw), \fa,beTW, and 9, uj £ A*. (46) 

The usual exterior derivative on differential forms extends, in a straightforward way, to an 
operator 5 on VF-valued differential forms: 

5a = Ydx i A-^r, VaelWoA*. (47) 
• dy 1 

By we denote its "inverse" operator defined by: 

S- 1 a = Y y\^- J a) (48) 
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when p + q > 0, and 5 a = when p+q = 0, where a G TW <8> A q is homogeneous of degree p in y. 
There is a "Hodge" -decomposition: 

a = 55- 1 a + 5- 1 5a + a 00 , VaGTH/^A*, (49) 

where aoo(^) is the constant term of a, i.e, the 0-form term of a\ y= o or aoo(x) = a(x, 0, 0, 0). The 
operator <5 possesses most of the basic properties of the usual exterior derivatives. For example, 

5 2 = and ((T 1 ) 2 = 0. 

It is also clear that both 5 and 5~ l commute with the Lie derivative, i.e., VX G X(M), 

Lx°5 = 5oLx, and Lx<>d = 5~ l oLx- (50) 

Let V be a torsion-free symplectic connection on M and 

d:TW — tTW^A 1 

be its induced covariant derivative. 

Consider a connection on W of the form: 

D = -8 + d+ l -[ 1 ,-], (51) 

with 7 G IW <g> A 1 . 

Clearly, D is a derivation with respect to the Moyal-Weyl product, i.e., 

D(a*b) = a* Db + Da*b, Va, b G TW. (52) 
A simple calculation yields that 

D 2 a = -[-n,a], Va G rW, (53) 
h 

where 

Q = LU-R + 6-y-dj- -7 2 . (54) 

Here R = \Rijkiy l y 3 dx k A dx , and i?jjfc/ = uJi m R™ kl is the curvature tensor of the symplectic 
connection as defined by Equation (|2l|) . 

A connection of the form (^) is called Abelian if O is a scalar 2-form, i.e., Q, G fi 2 (M) [ft] . It 
is called a Fedosov connection if it is Abelian and in addition 7 G <g> A 1 . For an Abelian 
connection, the Bianchi identity implies that dtt = D£l = 0, i.e., Q, G Z 2 (M)[n]. In this case, is 
called the Weyl curvature. 

Theorem A. 2 (Fedosov Jslj/j Let V be a torsion-free symplectic connection, and Q = lo + huo\ + 
• • • G Z 2 (M)[fr] a perturbation of the symplectic form in the space Z 2 (M)\h\. There exists a unique 
7 G TW3 (g) A 1 such that D, given by Equation $5^), is a Fedosov connection, which has fi as the 
Weyl curvature and satisfies 

<5 -1 7 = 0. 
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Proof. It suffices to solve the equation: 



This is equivalent to 
where 



u - R + fry - - -Y = Q. (55) 
h 



«5 7 = fi + a 7 + -7 2 , (56) 
n 



n = n-uj + R. (57) 

Applying the operator 5~ l to Equation ( |56[ ) and using the Hodge decomposition (Equation (fl9"|) ) . 
we obtain 

1 = 5- 1 n + 5- 1 (d 1 + % - 1 2 ). (58) 
Note that 700 = since 7 is a 1-form. 

Take 70 = and consider the following iteration equation: 

7n+1 = 70 + 5-\d ln + !->£), Vn > 0. (59) 

n 

Since the operator d preserves the filtration and 5~ l raises it by 1, 7„ defined by Equation ( |59| ) 
converges to a unique 7 £ FW <8> A 1 , which is clearly a solution to Equation (|5q) . Moreover since 
70 is at least of degree 3, 7 is indeed an element in FW^ <S> A 1 . 

□ 

Theorem [A.2| indicates that a Fedosov connection D is uniquely determined by a torsion-free 
symplectic connection V and a Weyl curvature $7 = Y^i^o^^i £ ^ 2 (-^)[^l- For this reason, we 
will say that -D is a Fedosov connection corresponding to the pair (V,f2). 

If D is a Fedosov connection, the space of all parallel sections Wd automatically becomes an 
associative algebra. Let a denote the projection from Wd to its center C°°(M)[fi,] defined by 
a (a) = a\ y=Q . 



Theorem A. 3 (Fedosov \2j\]) For any ao(x, h) € C°°(M)[ft] there is a unique section a £ Wd such 
that o~(a) = do- Therefore, a establishes an isomorphism between Wd and C°°(M)[fi] as vector 
spaces. 

Proof. The equation Da = can be written as 

1 

5a = da+ [-7, a], 
h 

Applying the operator <5 -1 , it follows from the Hodge decomposition (Equation fl49D) that 

a = a + S~ 1 (da+[^,a]). (60) 
h 



In analogue to the proof of Theorem A. 2, we can solve this equation by the iteration formula: 

a n+1 = a + 8~ 1 (da n + [~y,On])- (61) 

h 

□ 
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